Abstract. The quantum plane A = Cρ[x, y, z] with ρ a root of unity has singularities in its representation variety trep n A and its center C[u,v,w,g] uvw−g n . Using the technique of a noncommutative blow-up, we prove that this technique fails in contrast to the 3-dimensional Sklyanin algebras if we want to resolve the singularities in trep n A. However, we will see that the singularity of the center in the origin can be made better using this technique.
Introduction
Some of the easiest algebras to work with in noncommutative algebraic geometry are the quantum spaces (or planes if you want to work projectively) A = C ρ [x, y, z] with defining equations      xy = ρyx yz = ρzy zx = ρxz These algebras are finite modules over their center if and only if ρ is a root of unity, with the center in these cases generated by x n , y n , z n , xyz. While these algebras are relatively easy to work with, they have a disadvantage concerning their (trace preserving) representation variety trep n A: it is not smooth. The singular locus is given by all π −1 (m), where m ∈ max Z(A) is a singularity of the center and
is the GIT -quotient map. In this paper there will be given a review concerning the representations, local quivers and singularities of the center of these algebras. We will always assume that (n, 3) = 1 as this will ensure that there will be fat point modules in addition to point modules.
One of the tools available in commutative algebraic geometry to resolve singularities is the use of blow-ups. Similar to [3] , where the quantum plane C −1 [u, v] was blown-up in the unique singularity, and [6] , where the 3-dimensional Sklyanin algebras where blown-up in their unique singularity, we will use the construction of a noncommutative blow-up in section 6 to define an algebra B = A ⊕ It ⊕ I 2 t 2 ⊕ . . . with I = (x, z) and I = (x, y, z). The first main theorem will be is smooth, except for 2 points, where the singularity type is given by C × C 2 /Z n .
not do anything considering the representation variety. As B is a finite module over its center, it will define a coherent sheaf B of Cayley-Hamilton algebras over proj Z(B), but the sections over affine open subsets will still be graded noncommutative algebras. Therefore, we can never hope to find resolutions of trep n A, as we will always find sections of B that have a bad singularity at the origin. The second main result will be is smooth, except for the union of 3 lines intersecting 2 by 2. On regular points of these lines, the singularity type is C × C 2 /Z n .
Review of known results
The results in this section are well known in any literature regarding the quantum planes, see for example [2] . (1−t) 3 and is a finite module over its center if and only if ρ is a root of unity. In this case and if ρ = 1, the center of A is generated by 4 homogeneous elements x n , y n , z n , xyz with n the order of ρ in µ ∞ . 
It immediately follows that
G is generated by x n , y n , z n , xyz, from which the claim will follow. It is clear that these 4 elements are G-invariant. Every monomial x k y l z m is a stable vector space for the action of G and we may therefore assume that the monomial x k y l z m is fixed. Dividing by xyz, we may assume that one of the k, l, m is 0, for example m = 0. If k is not divisible by n, the element (1, 0, −1) ∈ G will not fix x k y l , so k is divisible by n. The same reasoning works for l by using (0, 1, −1) and therefore
Due to Galois descent and the fact that Z(A) is integrally closed, we have a surjective trace map A tr / / / / Z(A) of degree 0 which turns A into a graded CayleyHamilton algebra, that is, the couple (A, tr) satisfies the following properties for all a, b ∈ A
• tr(ab) = tr(ba)
• tr(1) = n • χ n,a (a) = 0 with χ n,a (X) the formal degree n Cayley-Hamilton polynomial expressed in the traces of powers of a
The object we want to study is the trace preserving representation variety trep n A, which parametrizes all representations A φ → M n (C) such that φ(tr(a)) = T r(φ(a)), where M n (C) T r −→ C is the usual trace map. We have a natural action of PGL n on this variety, given by conjugation. It follows from [4] that the GIT -quotient trep n A/PGL n is isomorphic to max Z(A), we will denote the corresponding quotient map by π. In order to describe trep n A, it is useful to work with the representations of the Heisenberg group of order n 3 . The description of this group by generators and relations is given by and this group has ϕ(n) simple representations of dimension n, with φ the Euler totient function. These representations are determined by a primitive nth root of unity ρ k with (k, n) = 1 and are given in the following way: let
i=0 Cx i , then the action of H n is defined by
indices taken mod n. For the corresponding group morphism H n ψ k → GL n , it is easily checked that [e 1 , e 2 ] is send to ρ k I n . Using these representations, one finds that We will call a semi-simple representation of A given in standard form if it is determined by a triple (αe 1 , βe 2 , γe
). This standard form is not necessarily unique.
The fact that for every point of the open set abc = 0 there are n different simple representations lying above the corresponding point of max C[x n , y n , z n ] is a consequence of Z(A) being an extension of degree n over C[x n , y n , z n ]. In order to find the representations in the case that (2, n) = 2, one has to take γ = is only divisible by n if 2 does not divide n. Using these representations of A, it is easy to see that the non-Azumaya locus of Z(A) is determined by the 3 lines
Another way to describe the Azumaya locus is
As the representation V ρ of H n is faithful, we will identify e i and the matrix ψ(e i ) from now on.
trep n A
In this section, we look at the singularities of trep n A. In contrast to the Sklyanin algebras, where there is only a single singularity corresponding to the trivial representation, there are more singularities to consider.
The dimension of trep n A is n 2 +2, which follows from the fact that the quotient
is a principal PGL n -fibration over Azu n A, which is an open subset of max Z(A). Proof. We already know that the singularities of the center are given by the 3 lines x n = 0, y n = 0, x n = 0, z n = 0 and y n = 0, z n = 0. From this it follows that for every point q on these lines, trep n A has to be singular in π −1 (q), since the only central singularities possible are isolated (for a 3-dimensional center, only the conifold singularity is possible). For any regular point q of max Z(A) we have that q ∈ Azu n A and so for every point in π −1 (q) the dimension is n 2 + 2. The claim follows.
We immediately find that the local quiver (see [4] ) in a point of the Azumaya locus looks like 1 For a point belonging to the Azumaya locus we can even find a good description of
generated by the triples (e 1 , 0, 0), (0, e 2 , 0), (0, 0, e Proof. For any (a, b, c) ∈ C 3 such that the matrices ae 1 , be 2 , ce
1 form a simple representation, we have that for any choice of a 1 , b 1 , c 1 ∈ C the matrices ae 1 + εa 1 e 1 , be 2 + εb 1 e 2 , ce where the marked arrows correspond to matrices with trace 0. This is exactly the same as in the case of the Sklyanin algebras. The main difference with the Sklyanin algebras lies in the other singularities: consider for example the semisimple representation ψ given by sending x and z to 0 and sending y to be 2 . In order to find the tangent space to the corresponding point of trep n A, we need to take traceless matrices A, B, C and look at representations
and B a matrix for which tr(B k ) = 0 for 1 ≤ k ≤ n − 1. This implies that the dimension of the tangent space in this point is n 2 − n + 1. In order to calculate the tangent space to the orbit of this point, we need to see what the action of I n +εT on the triple (0, be 2 , 0) is by conjugation with T ∈ M n (C). It follows that the tangent space to the orbit is given by triples (0, D, 0) with D a n × n-matrix with zeros on the diagonal. Consequently, we can take representatives for elements of N to be given by triples of matrices (A, B, C) such that A and C are as above and B = te 2 . From this we deduce that the local quiver in this point is given by In short, we have 2 classes of singularities in trep n A to study.
For
with corresponding maximal ideal m of the center of A one can associate a defect against A being Cayley-smooth in m.
From the local quivers, we obtain 
We have found that there are 2 types of points in Azu n A, determined by φ(xyz) equal to 0 or not. In order to better describe the difference between these 2 kind of points in Azu n A, one has to use the fact that A is graded. We will use [3] to explain the difference.
We will no longer work with trep n A, but with the semi-stable representations trep ss n A, where for every positively graded algebra
There is a natural action of PGL n × C * on trep ss n A ′ , with the PGL n -action given by conjugation and the C * -action coming from the C * -action on A ′ , which follows from the natural gradation. It is clear that these 2 actions commute.
Let us return to the case A = C ρ [x, y, z]. Suppose that P ∈ Azu n A, let
be the corresponding algebra epimorphism. The C * -orbit of M defines a graded module F with corresponding algebra morphism
where for a graded ring R the gradation of M n (R)(a 1 , . . . , a n ) is defined by
If φ(xyz) = 0, then φ induces an algebra morphism from A (xyz) to M n (C). It then follows that t is the image of a degree 1 central element of A (xyz) and from [5] it follows that all a i are equal to 0. In the terminology of [2] , this means that the PGL n × C * -action on M defines a fat-point module of degree n, that is, a 1-critical module with Hilbert series n 1−t . However, if φ(xyz) = 0, then t is the image of a degree n central element of A/(xyz). It follows from [5] that a i = i − 1, 1 ≤ i ≤ n. In the terminology of [2] , the graded module F is not a fat-point module, but instead a direct sum of n point modules, which are 1-critical graded modules with Hilbert series 1 1−t .
[3] sets this in a GIT -setting: this difference is given by the fact that for a degree n fat-point module F and a chosen representative M of the C * -orbit determined by F , the stabilizer in PGL n × C * of M is trivial, while for the simple modules for which xyz is in the kernel of the algebra map, the stabilizer is not trivial. According to [3] , this stabilizer for a simple module is always a finite cyclic subgroup of PGL n × C * . In our case, the stabilizer for the simple representation lying above P = (a, b, 0, 0) (with a = 0 = b) written like in theorem 2.3 can be calculated to be the group (e 1 e −1 2 , ρ) ⊂ PGL n × C * . The information of this stabilizer can be decoded using weighted quiver settings, that is, associating to each arrow a weight which decodes the decomposition of N in simple representations of Z n when Stab(M ) ∼ = Z n . Proposition 4.1. We have for P ∈ Azu n A and corresponding irreducible representation M
Proof. We have found that a basis for the normal space N in an Azumaya point is determined by the 3-dimensional subspace of M n (C) ⊕3 generated by (e 1 , 0, 0), (0, e 2 , 0), (0, 0, e
from which the weighted quiver setting follows.
One can do the same for the non-trivial singular points in the center, although in this case the PGL n × C * -stabilizer will be infinite. Let M be a singular point of trep ss n A with stabilizer Stab(M ). From [3] it follows that Stab(M ) is given by (C * ) n ⋊ ψ Z/nZ with ψ a finite order automorphism of the local quiver, which can be written as ψ = wφ with w a weight and φ a twist that commute. The finite group (e 1 , ρ) ⊂ PGL n × C * again stabilizes M as can be easily calculated. From this subgroup of Stab(M ), we deduce 
From this it follows that the corresponding automorphism on the quiver Q is the composition of a twist given by cyclic permutation on the vertices and the arrows and a weight defined by the claimed weights.
In order to find the twisted weighted quiver setting, we need to find N PGL n ×C * . We know from [3] that dim N PGLn = 1 + dim N PGLn×C * . As the action of PGL n and C * commute, it is enough to consider the action of C * . We have (1 + εt)(0, be 2 , 0) = (0, be 2 , 0) + ε(0, tbe 2 , 0) from which follows that the loop in the local quiver should be deleted to find N PGL n ×C * . Summarizing, we have is given by the following twisted weighted quiver settings:
is not a singular point of this variety, we have 1 3
• If P is one of the 3 singular points of V(x n y n z n ), then we have As A is a finite module over its center, it defines a coherent sheaf A of algebras over proj Z(A) = P 2 .
On the affine open subset X(x n ), Γ(X(x n ), A) is defined as the following ring: as (n, 3) = 1, there exists a degree 1 central element in the graded localisation ring Q g x n (A). Therefore, we have Q Remark 5.2. This is one of the reasons why we need (n, 3) = 1: if n were divisible by 3, A wouldn't define a sheaf of Cayley-Hamilton algebras of degree n, but of n 3 . As A defines a sheaf of maximal orders in a central simple algebra Σ of degree n over C(x, y) = C(P 2 ), the Artin-Mumford exact sequence (see [4] ) states that Σ is defined by its ramification locus and a Z n -cover of this variety.
Unfortunately, where in the Sklyanin case the ramification locus is given by an elliptic curve E ′ = E/ τ which is smooth and from which follows that the corresponding sheaf is a sheaf of Cayley-smooth algebras, the same is not true for the quantum algebras. As we have seen before, the ramification locus is given by 3 lines in P 2 , which intersect 2 by 2. Therefore, we will have singularities to consider. Let us look at X(x n ) and work out the ramification in this case. We know that Γ(X(x n ), A) ∼ = C ρ 3 [u, v] , which is again a Cayley-Hamilton algebra of degree n as we assumed that (n, 3) = 1. For this algebra it is known that the center is generated by u n , v n and max C[u n , v n ] = C 2 . Considering trace preserving representations, we have 
then the corresponding semi-simple representation is the trivial representation with multiplicity n.
This of course also holds for the other affine opens X(y n ) and X(z n ). Analogous as for A, one finds 
The same is true for X(y n ) and X(z n ), so it follows that Theorem 5.5. A is not a sheaf of Cayley-Smooth algebras over P 2 . We have for the marked local quiver setting
• If P / ∈ V(x n y n z n ), then A is Azumaya in P and the local quiver setting is of the first kind of theorem 5.4.
• If P ∈ V(x n y n z n ), then P belongs to the ramification locus. If P is not one of the singular points, then there are n 1-dimensional representations of A lying above P and the quiver setting is of the second kind of theorem 5.4.
• If P is one of the singular points of V(x n y n z n ), then we have a unique 1-dimensional representation of A lying above P and the local quiver is of the third kind.
6. The noncommutative blow-up 6.1. Blow-up of a line. We will first describe the blow-up along the singular part of the center defined by the line x n = 0, z n = 0. In this case, the blow-up algebra B is defined by the subalgebra of A[t] with t central generated by A and X = xt, Z = zt. Let I = (x, z) ⊳ A, then the gradation on B is defined by Proof. For every maximal ideal m ∈ Azu n A, the localisation of B at m is equal to
This means that B m is an Azumaya algebra over Z(A) m [t, t −1 ]. We know that the smooth locus of max Z(A) equals Azu n A, therefore the dimension of the tangent space in each point lying above m in trep 
Proof. Let φ ∈ trep
ss n B and assume φ(X) is invertible. By assumption φ(y) is also invertible and we may assume that the triple (φ(X), φ(y), φ(Z)) is in standard form. We need to find the dimension of the solution set of 5-tuples of matrices (A, B, C, D, E) such that φ(X) + εA, φ(Z) + εB, εC, φ(y) + εD, εE is a representation of the blow-up algebra B over the dual numbers. The subalgebra of B generated by X, Z and y is isomorphic to A itself and φ induces a simple representation of this subalgebra, so we know that A, B and D depend on n 2 + 2 parameters. From the relation Xz = xZ it follows that φ(X)E = Cφ(Z). Now, two things can happen:
• φ(Z) is invertible: then C = φ(X)Eφ(Z) −1 . The subalgebra generated by X, z and y is isomorphic to C ρ [x, y, z] and φ determines a simple representation with φ(z) = 0, therefore E = f 1 e −1 2 e −1
1 . This implies that E only depends on 1 parameter and C is uniquely determined by E.
• φ(Z) = 0: because φ(X) is invertible, E = 0. From the relations Xx = xX and xy = ρyx one deduces that C belongs to the vector space generated by e 1 . In both cases, we find that D and C depend on one parameter, from which smoothness follows.
In fact, we find a similar decomposition for the normal as in proposition 3.2. Proof. This follows directly from proposition 3.2 as the algebra generated by X, y, z, the algebra generated by x, y, Z and the algebra generated by X, y, Z are all isomorphic to A. As we are working in trep ss n B and φ(y) = 0, M is a simple module of at least two of the three subalgebras. It follows that N PGL n is indeed a subspace of V . The relation Xz = xZ is the only relation we haven't used and it follows that this defines a non-trivial subspace of V , as we know that N is 4-dimensional.
However, this doesn't necessarily mean that trep ss n B/PGL n × C * is smooth, as the stabilizer is not necessarily trivial. Proof. We will calculate N PGL n ×C at all points lying over m. We can assume that up to basechange the representation φ is given by the following matrices (in standard form)
and suppose first that a = 0 = b and by assumption d = 0. The PGL n × C-stabilizer of e 2 is equal to T n /C * I n × C * (as the C * action is trivial because y is in degree 0). In order to have a non-trivial stabilizer, we must have that an element g ∈ T n /C * acting on φ(X) is a multiple of φ(X) or equivalently, g −1 e 1 g = λe 1 . This forces that g = e k 2 for some k ∈ N. We may assume that g = e 2 and so the cyclic subgroup e 2 , ρ −1 stabilizes φ(X). However, if we calculate the action of any element of this subgroup on φ(Z), we get
If (2, n) = 1, ρ −2k = 1 if and only if k is a multiple of n. So the stabilizer is trivial in this case and consequently, the tangent space at the corresponding point of trep ss n B//PGL n × C * is 3-dimensional. If 2 divides n, say 2n = k, then there is indeed a stabilizer isomorphic to Z 2 determined by (e k 2 , ρ −k ) . If we look at the action of this stabilizer on N PGL n , we find
for the degree 1 part and for the degree 0 part
We still need to divide out 1 relation determined by Xz = xZ, which amounts to removing one arrow of weight 1. This means that locally, the corresponding point in trep and in degree 0
This means that the weighted quiver setting associated to N PGL n is given by
To get N PGL n ×C * , we need to divide out the action of I n + εt, which means taking away one arrow of weight 0 1 −2 1 A similar calculation shows that when a = 0, the stabilizer is given by (e 2 , ρ) and in this case c 1 = 0. Similarly, one shows that N PGL n ×C * has weighted quiver setting The unadorned loop in the local quiver settings of the central singularities obtained in the theorem mean that there is a 1-dimensional family of similar singularities near each point.
Suppose now that n is not divisible by 2. As B is a finite module over its center Z(B), it defines a coherent sheaf of Cayley-Hamilton algebras B over proj Z(B) in the same way as that A defined a sheaf A on P 2 . On the open subset X n = 0, we have
for which the representations are defined by (a, b, c) ∈ C 3 and matrices
From this we easily see that above the point (0, b n , 0, 0) ∈ max Z(A) with b = 0 the following happens in trep n B:
• if c = 0, then we know that the corresponding point of proj Z(B) is smooth and as (2, n) = 1, B is Azumaya in this point. Therefore, B is Cayley smooth in this point of proj Z(B).
• if c = 0, then we know that there is a singularity in the corresponding point of trep ss n B//PGL n × C * . This representation is again a semi-simple representation that decomposes as a direct sum of 1-dimensional representations.
An analogous result as 3.2 holds for the normal N PGL n and we can prove Therefore, the defect stays equal to n − 1.
Of course, the same is true for the blow-up algebra at the ideals (x, y) and (y, z).
6.2.
Blow-up of the origin. The next thing we want to do is to do a blow-up at the maximal ideal m = (x, y, z). Let B = A ⊕ mt ⊕ m 2 t 2 ⊕ . . .
The dimension of trep
ss n B is again n 2 + 3. B is again a Cayley-Hamilton algebra and a finite module over its center Z(B)). We want to study how trep Proof. We have that trep ss n B is smooth above m except for the 3 points corresponding to the direct sum of n 1-dimensional representations by Theorem 2 of [6] . However, for Azumaya points with non-trivial PGL n × C * -stabilizer (corresponding to points on the cone over the 3 lines except for the singular points), the weighted local quiver setting in Z(B) is given by 1 3
−1
as the −1-weight follows from the action of Z n on the degree 0 variables. Therefore, proj Z(B) is not smooth on the corresponding lines (as the singular locus is closed), with everywhere except for the 3 singular points of the lines the singularity type given by C × C 2 /Z n . For the points in trep ss n B lying over m that correspond to semi-simple but not simple representations, for example x, y, z → 0, X, Z → 0, Y → be 2 , N PGL n can be computed to be given by (using the fact that T r(yY i ) = 0 for 0 ≤ i ≤ n − 2) In order to get N PGL n ×C * , we need to delete the loop of weight 1 (as the only non-trivial C * -action works on Y , which corresponds to the loop of weight 1).
If we again work with B, the coherent sheaf of Cayley-Hamilton algebras defined by B over proj Z(B), we again need to look at the global sections Γ(X(X n ), B), Γ(X(Y n ), B) and Γ(X(Z n ), B). We find that 
